Abstract. An analytical apodization function of an elliptical mirror with an aperture angle greater than π is derived for the analysis of the focusing properties. The distribution of electric field intensity near the focal region is given using vectorial Debye theory. Simulation results indicate that a bone-shaped focal spot is formed under linearly polarized illumination, and a tight-circularly symmetric spot is generated under radially polarized illumination. The change in eccentricity causes such a change in the focusing pattern under radially polarized illumination, that a greater eccentricity causes a spot tighter in transverse direction but wider in axial direction. Under radially polarized illumination, the transverse and axial fullwidth-at-half-maximum will be 0.382λ and 0.757λ, respectively, and the conversion efficiency of the longitudinal component can go beyond 99%, when the semi-aperture angle is 2π∕3 and the eccentricity is 0.6. It can, therefore, be concluded that the tight focusing pattern with strong and pure longitudinal field can be achieved under radially polarized illumination for particle acceleration, optical tweezers, and high-resolution scanning microscopy.
Introduction
Elliptical mirror is an alternative focusing element which can be used as an objective lens during optical scanning microscopy or molecule imaging. [1] [2] [3] Although aberrations such as coma and astigmatism caused by the assembly errors and the poor off-axis properties of these mirrors have limited even the low-aperture applications of them in the past few decades, [4] [5] [6] [7] with the fast development of precision engineering, they have been developed and produced for high-aperture angle applications. Aperture angle of an elliptical mirror in this article indicates the full-covering angle at the focal spot. An elliptical mirror is free from chromatic aberration, and it can enable aperture angle to reach π or even go beyond π, 2 which means tighter focal spots may be obtained. Compared with objective lenses, elliptical mirrors can be easily used for the extension of aperture angles. What is more, using elliptical mirrors with aperture angles greater than π, the specimen can be put in forward and backward illuminations. The focal spot of a focusing system with a high-aperture angle is always tight, and therefore, vectorial Debye theory and the apodization function are used to describe the focusing patterns of the elliptical mirrors. 1, 8, 9 Apodization function reveals the energy redistribution in the spherical wavefront on the exit pupil, while it is passing through or being reflected by a focusing element. The spherical wavefront can approximately be equal to the wavefront over the aperture of a focusing element, but this approximation is valid only in the low-aperture case. When the aperture angle is high, the difference between the spherical wavefront and the wavefront over the focusing element's aperture cannot be negligible. The energy distribution is totally different when it is being focused by a lens, a parabolic mirror, or an elliptical mirror in the high-aperture case. The focusing properties of a lens, a parabolic mirror, or an elliptical mirror with high-aperture angle, but less than π, have been discussed in Refs. 10, 7 and 8, and 1 and 3, respectively. An apodization function has been derived earlier in differential form for a focusing elliptical mirror, but it is not applicable for the analysis we intend to do in this article, because the aperture is now greater than π. The simulation based on that apodization function will also be time consuming, because the function is not analytic. Therefore, it is of great necessity to derive an analytic expression of apodization function before the focusing properties of an elliptical mirror with aperture greater than π can properly be analyzed.
Derivation of Apodization Function
Apodization function, pðθÞ, is defined as the ratio of exit amplitude to incident amplitude on a mirror at focusing angle θ; and if the energy loss caused by reflection or absorption can be negligible, it will be expressed as
where α is the divergence angle at F 1 and θ is the convergence angle at F 2 , as shown in Fig. 1 . Points F 1 and F 2 are the two conjugate foci of the elliptical mirror in an elliptical mirror-based system (EMBS). The position of focus F 1 coincides with the focus of the lens. The plane wave converges to focus F 1 after it passes through the lens. Then, the divergent spherical wave propagates to the mirror surface. The wavefront before reflection is defined as S 1 , and the wavefront after reflection is defined as S 2 . Further, as shown in Fig. 1 , the mirror function is
where a ¼ jOVj and b ¼ jOWj are the major and the minor semiaxes of the ellipse and
. The relationship between α and θ used to calculate pðθÞ in Eq. (1) are shown below
where z 0 is distance between M and F 2 along optical axis Z. Equation (1) is derived from the definition of the apodization function, and it is valid no matter whether the semi-aperture angle θ is greater than π∕2 or not. However, as Eqs. (2) and (3) are not continuous for θ ¼ π∕2, Eqs. (1)-(3) cannot be used to describe the energy redistribution in the spherical wavefront on the exit pupil when the aperture angle (2θ) is greater than π. By introducing the eccentricity e of an ellipse, this difficulty can be overcome. Besides, the expression of the apodization function given in Eq. (1) is not analytic, and the simulation based on this expression will be limited to computation speed. An analytic expression of apodization function must be derived for the analysis of the focusing properties of an elliptical mirror with aperture angle greater than π.
The eccentricity e and the major semiaxis a are usually used to define an ellipsoid. e is equal to c∕a, and the arbitrary ellipsoid value of e is a positive number less than 1. By substituting e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
As shown in Fig. 2 , D 1 C 1 and D 2 C 2 are the directrixes of the ellipse, respectively. The eccentricity e is also equal to the ratio of the distance (such as the line MF 1 ) from any particular point on the ellipse to one of the foci at the perpendicular distance to the directrix from the same point (line
From the geometrical relationship in triangles F 1 MN and
Angles α and θ can be expressed as shown below
Further,
By substituting Eqs. (7) and (8) into Eq. (1), the apodization function can be simplified as
Equation (9) is the analytical expression of the apodization function for an elliptical mirror, and if θ max is the largest semi-aperture angle of a given elliptical mirror, the apodization function will be continuous in domain of definition ½0; 2θ max , even θ max ≥ π∕2. 3 Focusing Patterns under Linearly Polarized Illumination As shown in Fig. 3 , the electric field of incident light wave is linearly polarized along the X-axis, and after it passes through the mirror and is reflected by the mirror, the electric field distribution near the focus F 2 can be described as shown below
where A is a constant, which satisfies A ¼ π∕λ, and I 0 , I 1 , and I 2 are intermediate variables used to make the expressions of E x , E y , and E z , respectively, compact, and they are expressed as shown below 8 > < > :
where ðr s ; θ s ; φ s Þ is spherical coordinates near the focus F 2 , and J n is a Bessel function of the first kind of order n. The established expression of the electric field is used, and let the eccentricity e be 0.6, then the light field near the focus F 2 is acquired when the semi-aperture angle is 2π∕3. As shown in Fig. 4 , the electric field intensity in the focal plane mainly consists of components which are polarized along the X-and Z-axes. The maximum values of field intensity in Figs. 4(a) and 4(c) are close to each other. The distribution of total intensity splits into two peaks, since the two main components are distributed in different directions. The bone-shaped distribution makes the focusing pattern different from the airy pattern in transverse direction, which is obtained using the low-aperture focusing lens.
The bone-shaped focusing pattern becomes more obvious as the aperture increases, which means the distance between two peaks further increases. This means that the depolarization effect becomes significant in the transverse direction under high-aperture conditions. Meanwhile, the component of the electric field along Z-axis is enhanced in intensity when the convergence angle increases.
It can be seen from Fig. 5 that the ratios of maximum intensity of component X to that of component Z versus the semi-aperture angle θ when e ¼ 0.6 or e ¼ 0.8 agree with each other, despite different eccentricities. It should be noted that, in the view of the fabrication technology, we only consider the semi-elliptical mirror. It means that the maximum semi-aperture angles θ max of elliptical mirrors with different eccentricities are different, for example, when eccentricity e is 0.6, θ max ¼ π − arctanð4∕3Þ, which is slightly larger than 126 deg. Similarly, when e is 0.8, θ max is slightly larger than 143 deg. For an elliptical mirror with e ¼ 0.8, the electric field intensity of the component Z can be enhanced and finally exceeds the intensity of component X, as the angle θ increases. Theoretically, θ max could exceed 143 deg for a full elliptical mirror with e ¼ 0.8.
In that case, the electric field intensity in the focal plane under linearly polarized illumination can still be calculated using Eqs. (9)- (11) . However, the calculation is beyond the scope of this article, as such an elliptical mirror is difficult to fabricate. Figure 6 shows the axial distribution of the electric field intensity, which is under the same condition as given in Fig. 4 . It is clear that the spot will be compressed in the axial direction, as the semi-aperture angle increases.
Focusing Patterns under Radially Polarized
Illumination Since tight spots can be acquired under radially polarized illumination and the longitudinal component of the electric field near the focus is significant, [11] [12] [13] [14] focusing properties of the elliptical mirrors under radially polarized illumination are discussed in the high-aperture case when the aperture angle is greater than π. The electric field near focus F 2 consists of radial and longitudinal components, and they can be expressed in cylindrical coordinates ðρ s ; θ s ; z s Þ, as shown below
where lðαÞ describes a Bessel-Gauss beam waist at plane before the lens 15 and lðαÞ ¼ exp½−β 2 ðsin α∕NA LENS Þ 2 J 1 ð2β 0 sin α∕NA LENS Þ. β is the ratio of the pupil radius to the beam waist before the aplanatic lens, which is set to be 1 in the general sense. The numerical aperture of the lens in the EMBS is 0.95. If eccentricity e is 0.6 and the semi-aperture angle is 2π∕3, the focal distributions of the light field will be as shown in Fig. 7 . It is interesting to see that the distribution of the radial component is no longer a doughnut-shape, but it splits into two separate doughnut-shaped areas when the aperture angle is greater than π.
As shown in Fig. 8 , the full-width-at-half-maximum (FWHM) of the point-spread function is nearly 0.38λ in the transverse direction and 0.76λ in the axial direction. The focal spot is tighter in size than the diffraction limit of a lens system, even when the numerical aperture of the lens is supposed to be 1.
The extent of compression for the focal spot benefits from a deep mirror, and so a deep elliptical mirror generates a spot tighter than that focused by a normal elliptical mirror. It can be seen from Table 1 that for a mirror with e ¼ 0.6, the tightest spot in the transverse direction can be obtained when the semi-aperture angle is between 110 and 115 deg, and for a mirror with e ¼ 0.8, the same thing can be obtained at nearly 110 deg. It is interesting to see that when compared with the variation tendency of transverse FWHM, axial FWHM decreases steadily as the aperture angle increases. Aperture extension causes the axial compression of the focal spot.
Another advantage of radially polarized illumination is that a high-longitudinal polarization conversion efficiency can be achieved in the focal plane, 13, 16 and the efficiency can be defined as
Much work has been done on the realization of a strong longitudinally polarized focal field because of its applications such as particle acceleration, optical tweezers, and high-resolution microscopy. The existing lens systems can be used to increase the conversion efficiency to nearly 80%, which means that the energy of the longitudinal component within the focal volume is nearly four times stronger than that of the radial component. It can be seen from Fig. 9 that the biggest value of the ratios for different eccentricities are different, and the semi-aperture angles required to produce the tightest focal spot are not alike, too. A deeper elliptical mirror with e ¼ 0.8 can focus a stronger longitudinal field than a shallower elliptical mirror with e ¼ 0.6. The four lines in Fig. 9 reveal the maximum and the integral values of jE z j 2 ∕jE r j 2 versus the semi-aperture angle, and the peaks of them are greater than 99, which means that the conversion efficiency defined in Eq. (13) can go beyond 99% when the aperture angles of elliptical mirrors with different eccentricities are greater than π. It can, therefore, be concluded that elliptical mirror is a more effective focusing element to acquire strong and pure longitudinal field in the focal plane.
Conclusions
A concise analytic expression of apodization function was derived for an elliptical mirror. The focusing properties under linearly and radially polarized illuminations were studied using this apodization function when the aperture angle of the elliptical mirror is greater than π. It was found that a bone-shaped focal spot can be generated by focusing a linearly polarized beam and a tight-circularly symmetric spot can be formed by focusing a radially polarized one. The conversion efficiency of the longitudinal field in an EMBS can go beyond 99% under radially polarized illumination, which means that a quite strong and pure longitudinal field near the focal region can be obtained. The nature of an elliptical mirror with two conjugate foci makes it attractive for scanning microscopy, optical tweezers, and particle acceleration. 
